ABSTRACT. We introduce a new utility-based approach to pricing European and American options. In so doing, we overcome some of the limitations of the existing models.
Introduction
Much of the literature on the European and American options is based on risk neutral pricing (see for example Bensoussan (1984) and Elliott and Kopp (2005) , among many others). Other studies incorporated preferences (utility) into the valuation of options, such as the certainty equivalence and indifference pricing. Examples include Musiela and Zariphopolou (2007) and Musiela and Zariphopolou (2004) . However, these approaches are somewhat impractical since it is cumbersome to compute the prices of the options.
Moreover, American options impose an additional problem known as the free-boundary problem. Even under risk neutrality, it is very difficult to price American options. In sum, using the existing utility-based methods, it is cumbersome to price both European and American options. Therefore other utility-based models should be investigated.
Consequently, the goal of this paper is to overcome these shortcomings.
That is, we introduce a new utility-based approach, which enables us to easily price both European and American options. In so doing, we circumvent the free-boundary problem and provide general explicit solutions to the optimal hedge ratio, optimal stock shares and optimal option shares.
European options
As usual, the risky asset price process is defined as
where r u is the risk-free rate of return, µ u and σ u are the rate of return and the volatility, respectively; W u is a standard Brownian motion, based on the probability space (Ω, F u , P ) . The wealth process is given by
where x is the initial wealth, {π u , F u } t≤t≤T is the portfolio process based on the probability space (Ω, F u , P ) with
The writer's gain/loss from trading options is
where K is the strike price, q u is the quantity of option contracts with maturity time T, and C is the price of the option. The total wealth is given 3 by
and
The firms's objective is to maximize the expected utility of total wealth with respect to the portfolio and the option quantity
where V (.) is the value function, u (.) is a differentiable, bounded and concave utility function.
The value function satisfies the Hamiltonian-Jacobi-Bellman PDE
4
The solutions are
Thus
The optimal number of the stock shares δ * t = π * t /s; therefore the optimal hedge ratio is explicitly expressed as
which is clearly independent of the investor's preferences. Similarly, the optimal number of the stock shares can be explicitly expressed as a function of the optimal option quantity
5
To determine the option price, we simply divide the initial wealth minus the portfolio and the bank account by the optimal option quantity
where B is the amount of money invested in the bank account.
American options
It is well-known that the price of the American option is defined as
In this paper, we redefine the price of the American option based on the price of its European counterpart
where u is a random variable such that
The dynamics of u are given by
6 where σ 2u is the volatility, a u is the mean, W u2 is a standard Brownian motion;p u , σ u , σ 2u and a u ∈ C b . The gain/loss process from trading options is given by
Therefore the total wealth process is given by
Since the random process u is included in the wealth process and it accounts for the possibility of earlier exercise of the option, the trading horizon can be set at [t, T ] .
The objective function is given by
The value function satisfies the HJP PDE 
